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In this paper, we present a ombined lassi ation approa h
alled the `virtual test sample method'. Contrary to lassi er ombination, where the outputs of a number of lassi ers are used to ome to
a ombined de ision for a given observation, we use multiple instan es
generated from the original observation and a single lassi er to ompute
a ombined de ision. In our experiments, the virtual test sample method
is used to improve the performan e of a statisti al lassi er based on
Gaussian mixture densities. We show that this approa h has some desirable theoreti al properties and performs very well, espe ially when ombined with the use of invariant distan e measures. In the experiments
ondu ted throughout this work, we obtained an ex ellent error rate of
2.2% on the original US Postal Servi e task.
Abstra t.

1 Introdu tion
In this paper, we present a ombined lassi ation approa h alled the `virtual
test sample method' (VTS), whi h is based on the idea of using a single lassi er
to lassify a set of observations whi h are known to belong to the same lass. This
approa h is somewhat ontrary to the ommon idea of lassi er ombination,
where the outputs of di erent lassi ers are ombined to ome to a nal de ision
for a given observation. In our approa h, a number of instan es is reated from
the original observation using prior knowledge about the lassi ation task. For
example, in handwritten digit re ognition, invarian e to image shifts and other
aÆne transformations plays an important role. Thus, VTS an be onsidered a
ounterpart of the ommon reation of virtual training data (`perturbation of
the training data'). In the experiments, it is used to improve the performan e of
a Bayesian lassi er based on Gaussian mixture densities. We show that using
VTS not only yields state-of-the-art results on the well known US Postal Servi e
handwritten digit re ognition task (USPS), but that it also has some desirable
theoreti al properties.
In the next se tion, we des ribe the US Postal Servi e database used in our
experiments and present some state-of-the-art results that were reported on this
database in the last years. In Se tion 3, we brie y dis uss the idea of lassi er
ombination and one parti ular lassi er ombination s heme, namely the very
popular sum rule. In Se tion 4, the VTS method is presented and its theoreti al

Table 1.

Results reported on USPS.

Author
Method
Error [%℄
Simard+ 1993
Human Performan e
2.5
Vapnik 1995
De ision Tree C4.5
16.2
 6.4
Freund & S hapire 1996 AdaBoost & Nearest Neighbour
Simard+ 1998
Five-Layer Neural Net
4.2
S holkopf 1997
Support Ve tors
4.0
S holkopf+ 1998
Invariant Support Ve tors
3.0
 2.6
Dru ker+ 1993
Boosted Neural Net

Simard+ 1993
Tangent Distan e & Nearest Neighbour
2.5
This work:
Gaussian Mixtures, Invarian es
2.2
 : 2418 ma hine printed digits were added to the training set

properties are dis ussed. In Se tion 5, the statisti al lassi er we used in our
experiments (in ombination with VTS) is des ribed. In this ontext, we will
also dis uss possibilities to in orporate invarian es into the lassi er whi h go
beyond the use of virtual test samples. This is done by reating virtual training
data and by using an invariant distan e measure alled tangent distan e, whi h
was proposed by Simard in 1993 [14℄. After presenting some experimental results
in Se tion 6, the paper is ended by drawing some on lusions and giving an
outlook to future work in Se tion 7.

2 The US Postal Servi e Task & Feature Analysis
The USPS database (ftp://ftp.kyb.tuebingen.mpg.de/pub/bs/data/) is a
well known handwritten digit re ognition task. It ontains 7,291 training examples and 2,007 test examples. The digits are isolated and represented as
1616 pixels sized grays ale images (see Figure 1). Making use of `appearan e
based pattern re ognition', we interpret ea h pixel as a feature in our experiments, resulting in 256-dimensional feature ve tors. Be ause of this rather highdimensional feature spa e, we optionally apply a linear dis riminant analysis
(LDA, [5℄) for feature redu tion. As the maximum number of features that an
be extra ted by applying the LDA to a K - lass problem is K 1, we reate four
pseudo lasses for ea h USPS digit lass by training a mixture with four densities
using the algorithms des ribed in Se tion 5. Thus, the resulting feature ve tors
are 39-dimensional [2℄. One of the advantages of USPS is that many re ognition

Fig. 1.

Example images taken from USPS.

results have been reported by various resear h groups throughout the last years.
Be ause of that, a meaningful omparison of the di erent lassi ers is possible,
with some results given in Tab. 1. Error rates marked with an asterisk were
obtained using a modi ed USPS training set, whi h { resulting in restri ted
omparability { was extended by adding 2,418 ma hine printed digits.

3 The Idea of Classi er Combination
The idea of lassi er ombination the following: Given a parti ular pattern re ognition problem, the goal is usually to implement a system whi h a hieves the
best possible re ognition results on unseen data. Thus, in many ases, a variety
of pattern re ognition approa hes is evaluated and the one performing best is
hosen to solve the task. Unfortunately { in that approa h { all other systems
that have been developed are useless. In opposite to this, the idea of lassi er
ombination is to use all lassi ers Cm ; m = 1; :::; M for lassi ation and to
ome to a nal de ision by ombining the outputs in a suitable way ( p. Fig. 2).
In the last years, many ombination approa hes have been onsidered, among
them the produ t rule, the sum rule, or the median rule, where in some ases
the `vote' of a lassi er is weighted a ording to its performan e on the training set (i.e. boosting methods). Note that if su h ombination rules should be
meaningful, the outputs of the lassi ers must be normalized. Thus, we assume
that - given the observation x 2 IRD - ea h lassi er Cm omputes posterior
probabilities
) for ea h lass k = 1; :::; K , whi h are normalized in the
P pm(pkjx
sense that K
(
kjx
) = 1. It should be noted that { for instan e { the outputs
k=1
of an arti ial neural net approximate su h posterior probabilities [10℄, assuming
that a suÆ ient amount of training data is available. Thus, normalization omes
for free in many appli ations.
For a single lassi er, the Bayesian de ision rule an be used for lassi ation:

)
p
(k )  p(xjk )
(1)
x 7! r(x) = argmax fp(kjx)g = argmax PK
0
0 ;
k
k
k =1 p(k )  p(xjk )
where p(k ) is the prior probability of lass k and p(xjk ) is the lass onditional
probability for the observation x given lass k . Note that the denominator of
Eq. (1) is independent of k and an be negle ted for lassi ation purposes. If
di erent lassi ers Cm are available ( omputing posterior probabilities pm (kjx))
(

0

the nal de ision an { for instan e { be obtained using the sum rule

x 7! r(x) = argmax
k

(X
M

m=1

)

pm(kjx) :

(2)

Although Eq. (2) is widely a epted to yield state-of-the-art results in many
appli ations, Kittler assumed in his derivation of the sum rule that the posterior probabilities pm (kjx) omputed by the di erent lassi ers do not di er
mu h from the prior probabilities p(k ) [9℄. In other words, the derivation of
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the sum rule for lassi er ombination is based on the strong assumption that
the features extra ted from the data ontain no dis riminatory information. Interestingly, Kittler also observed that the good performan e of the sum rule
ould possibly be explained by its error toleran e: Using the sum rule, errors in
estimating the real (and therefore usually unknown) posterior probabilities are
dampened, while for instan e in the ase of the produ t rule, these estimation
errors are ampli ed [9℄.
If no set of lassi ers exists for ombination, te hniques like `bagging' [1℄
or `boosting' [13℄ exist, whi h generate a variety of lassi ers using di erent
subsets (bagging) respe tively di erently weighted versions of the training data
(boosting) for training. Here, it is assumed that the lassi ers are `instable', i.e.
that modi ations of the training set have a signi ant impa t on the resulting
lassi er. Otherwise, ombination of the resulting lassi ers would be pointless.

4 The Virtual Test Sample Method
The basi idea of the virtual test sample method is to reate a number of `virtual test samples' starting from the original observation, to lassify ea h of these
separately using a single lassi er C and to suitably ombine these de isions to
a nal de ision for the original observation ( p. Fig. 2). In handwritten digit
re ognition, invarian e to aÆne transformations is usually desired, but generally speaking all transformations respe ting lass membership an be onsidered here. Thus, given the observation x, we an reate virtual test samples
x( ) = t(x; ); 2L M; with M = jMj, where t(x; ) is a transformation with
parameters 2 IR . In the experiments, 1 pixel shifts were applied, i.e. M = 9
(eight shifts and the original image). As an image annot be shifted into di erent
dire tions at the same time, the resulting `events' x( ); 2 M an be regarded
as being mutually ex lusive and a nal de ision an be omputed as follows:

x 7 ! r(x)

= argmax fp(kjx)g
k

= argmax
k

= argmax
k

model

= argmax

(X
2M

(X

2M

(X

k

2M

p(k; jx)

)

p( jx)  p(kjx;
p( )  p(kjx(

))

)
)

)
(3)

Here, the simultaneous o urren e of an observation x and a parameter ve tor
2 IRL is modeled by the virtual test sample x( ), i.e. by applying the respe tive
transformation to the observation. Furthermore, is assumed to be independent
of x. Thus, to ome to a nal de ision for the original observation, we only have
to add the posterior probabilities p(kjx( )), weighted with the prior probabilities
p( ) of the transformation parameters. In the experiments ondu ted throughout
this work - if nothing else is said - these transformation parameters are assumed
to be uniformly distributed. Thus, the prior probabilities p( ) an be negle ted
for lassi ation purposes and Eq. (3) redu es to

x 7 ! r(x) = argmax
k

(X

2M

p(kjx(

)

))

(4)

The only assumption needed here is the mutual ex lusiveness of the virtual test
samples. As ea h of these is the result of applying a unique transformation to the
given observation, this assumption seems reasonable. This `virtual test sample
method' has a number of desirable properties:

Computational Complexity:

The omputational omplexity of the VTS re ognition step is the same as that
of lassi er ombination. Yet, only one lassi er has to be trained in the VTS
training phase, whi h is espe ially important for statisti al lassi ers, where the
training step is omputationally expensive in many ases.

Theoreti al Basis:

In ontrast to the derivation of the sum rule in the framework of lassi er ombination, VTS sum rule is straightforward to derive, with the assumption of
mutual ex lusiveness of the x( ) sounding reasonable.

In reased Transformation Toleran e/ Invarian e:

Obviously, invarian e properties with respe t to the transformations used for
virtual test data reation are in orporated into the lassi er.

Ease of Implementation & E e tiveness:

Assuming a suitable normalization of the lassi er's output, VTS is very simple to embed into an existing lassi er. Furthermore, using VTS signi antly
redu ed the error rates in the experiments ondu ted throughout this work. For
real-time appli ations, VTS is straightforward to parallelize (just like lassi er
ombination), as it is inherently parallel.

Appli able together with Classi er Combination:

In prin iple, VTS and lassi er ombination an be used at the same time. Doing
so, our best VTS result ould in fa t be slightly improved ( p. Se tion 7).

In orporation of Prior Knowledge about Transformation Probabilities:

Finally, it is possible to in orporate prior knowledge into VTS lassi ation via
an appropriate hoi e of the probabilities p( ) (our model) respe tively p( jx).
For instan e, in a statisti al framework as the one presented in the next se tion,
these probabilities ould be learned from the training data.

5 The Statisti al Classi er
In this se tion, we des ribe the statisti al lassi er whi h we used in ombination with the VTS method in our experiments. To lassify an observation
x 2 IRD , we use the Bayesian de ision rule as given in Eq. (1), whi h is known
to minimize the number of expe ted lassi ation errors in the ase that the
true distributions p(k ) and p(xjk ) are known. Naturally, as these are unknown
in most pra ti al appli ations, we have to hoose models for them and learn the
respe tive parameters using the training data. In the experiments, we hoose
p(k) = K1 ; k = 1; :::; K , and model the lass onditional probabilities p(xjk)
using Gaussian mixture densities (GMD) (see Eq. (6)) respe tively Gaussian
kernel densities (GKD). In order to keep the number of free model parameters small (and thus allow for reliable parameter estimation), we make use of a
globally pooled ovarian e matrix

=

Ik
K X
X
Nki   ;
ki
k=1 i=1 N

(5)

where ki is the ovarian e matrix of omponent density i of lass k and Nki is
the number of observations that are assigned to that parti ular density. Thus,
we obtain the following expression for the lass onditional probabilities:

p(xjk)=

Ik
X
i=1

ki  N (xjki ;  );

(6)

where Ik is the number of omponent
used to model lass k , ki are
Pdensities
k
weight oeÆ ients (with ki > 0 and Ii=1
=
1,
whi h is ne essary to ensure
ki
that p(xjk ) is a probability density fun tion) and ki is the mean ve tor of
omponent density i of lass k . Furthermore, we only use a diagonal ovarian e
matrix, i.e. a varian e ve tor. Note that this does not lead to a loss of information,
sin e a Gaussian mixture of that form an still approximate any density fun tion
with arbitrary pre ision. Maximum likelihood parameter estimation is now done
using the Expe tation-Maximization algorithm [3℄. Con erning Gaussian kernel
densities it should be pointed out that these an be regarded an extreme ase of
a Gaussian mixture, where ea h referen e sample xn de nes a Gaussian normal
distribution N (xjxn ;  ) [8℄.

Note that the approa h presented above is only invariant with respe t to
transformations that are present in the training data. In the following, we therefore brie y des ribe two possibilities to enhan e the invarian e properties of the
statisti al lassi er that go beyond the usage of VTS.
5.1

Creation of Virtual Training Data

A typi al drawba k of statisti al lassi ers is their need for a large amount of
training data, whi h is not always available. A ommon solution for this problem
is the reation of virtual training data. Here, just like for the VTS method, 1
pixel shifts were hosen, resulting in 9  7,291=65,619 referen e samples.
5.2

In orporating Invariant Distan e Measures

Another way to in orporate invarian es is to use invariant probability density
fun tions or - equivalently - invariant distan e measures [7℄. Here, we hoose tangent distan e (TD), whi h proved to be espe ially e e tive for opti al hara ter
re ognition. In [14℄, the authors observed that reasonably small transformations
of ertain obje ts (like digits) do not a e t lass membership. Simple distan e
measures like Eu lidean or Mahalanobis distan e do not a ount for this and are
very sensitive to transformations like translations or rotations. When an image x
of size IJ is transformed (e.g. s aled and rotated) with a transformation t(x; )
whi h depends on L parameters 2 IRL (e.g. the s aling fa tor and the rotation
angle), the set of all transformed images Mx = ft(x; ) : 2 IRL g  IRI J is
a manifold of at most L dimensions. The distan e between two images an now
be de ned as the minimum distan e between their a ording manifolds, being
truly invariant with respe t to the L transformations regarded. Unfortunately,
omputation of this distan e is a hard optimization problem and the manifolds
needed have no analyti expression in general. Therefore, small transformations
^ x to the manifold Mx
of an image x are approximated by a tangent subspa e M
at the point x. Those transformations an be obtained by adding to x a linear
ombination of the ve tors xl ; l = 1; :::; L that span the tangent subspa e. Thus,
we obtain as a rst-order approximation of Mx :

M^ x =

( X
L
x+
l  xl
l=1

:

2 IRL

)

 IRI J

(7)

Now, the single sided TD DT (x; ) between two images x and  is de ned as

)
( X
L
2
DT (x; ) = min kx +
l  xl k
l=1

(8)

The tangent ve tors xl an be omputed using nite di eren es between the
original image x and a small transformation of x [14℄. Furthermore, a double
sided TD an also be de ned by approximating Mx and M . In the experiments,
we omputed seven tangent ve tors for translations (2), rotation, s aling, axis

121
1 242
16
121
Prior probabilities p( ) hosen for image shifts in the experiments. For example,
the prior probability for the original (i.e. un hanged) image is (4=16) = 0:25.

Fig. 3.

deformations (2) and line thi kness as proposed by Simard [14℄. Given that the
tangent ve tors are orthogonal, Eq. (8) an be solved eÆ iently by omputing

DT (x; ) = kx k2

L
X
[(x )t  xl ℄2
kxl k2
l=1

(9)

The ombination of TD with virtual data reation makes sense, as TD is only
approximately invariant with respe t to the transformations onsidered. Thus,
reating virtual training data yields a better approximation of the original manifold, as the virtual training images lie exa tly on it.
For the al ulation of the Mahalanobis distan e, the observation x and the
referen es ki are repla ed by the optimal tangent approximations x( opt ) respe tively ki ( opt ) in the TD experiments. When al ulating single sided TD,
the tangents are applied on the side of the referen es. Note that TD an also be
used to ompute a `tangent ovarian e matrix', whi h is de ned as the empiri al
ovarian e matrix of all possible tangent approximations of the referen es [2℄.
Further information on a probabilisti interpretation of TD is given in [7℄.

6 Results
The experiments were started by applying the statisti al approa h des ribed in
Se tion 5 to the high-dimensional USPS data, using di erent ombinations of
virtual training and test data. In Tab. 2, the notation `a-b' indi ates that we
in reased the number of training samples by a fa tor of a and that of the test
samples by a fa tor of b. Thus, b=9 indi ates the use of VTS. As an be seen, VTS
signi antly redu es the error rate on USPS from 8.0% to 6.6% (without virtual
training data) respe tively from 6.4% to 6.0% (with virtual training data). These
error rates an be further redu ed by applying an LDA. Thus, the best error rate
de reases from 6.0% to 3.4%, whi h is mainly be ause parameter estimation is
more reliable in this rather low-dimensional feature spa e. Note that in this ase,
applying VTS redu ed the 9-1 error rate from 4.5% to 3.4%, being a relative
improvement of 24.4%. This error rate ould be slightly improved to 3.3% by
assuming a Gaussian distribution for the prior probabilities p( ), resulting in the
template depi ted in Figure 3. As a key experiment, we boosted the statisti al
lassi er based on 39 LDA features using AdaBoost.M1 [6℄ for M = 10. Indeed,
we were able to redu e the 9-1 error rate from 4.5% to 4.2%, yet VTS - by
redu ing the error rate from 4.5% to 3.4% - signi antly outperformed AdaBoost
on this parti ular dataset.
In another experiment, we investigated on the use of TD in ombination with
VTS. These experiments were performed in the high-dimensional feature spa e

Table 2.

USPS results for Mahalanobis/ tangent distan e, with/ without LDA.
Method:

Error rate [%℄
1-1 1-9 9-1 9-9
GMD,
8.0 6.6 6.4 6.0
GMD, LDA,
6.7 5.9 4.5 3.4
GMD, tangent distan e 3.9 3.6 3.4 2.9
GKD, tangent distan e 3.0 2.6 2.5 2.4

(no LDA), as TD in its basi form is de ned on images (although it an also
be de ned on arbitrary feature spa es, where the tangent ve tors are learned
from the data itself [7℄). Using single sided TD, the best error rate ould be
redu ed from 3.4% for the LDA based statisti al lassi er to 2.9% (using single
sided TD and about 1,000 normal distributions per lass). This error rate ould
be further redu ed to 2.7% by using double sided TD. Repla ing the mixture
density approa h by kernel densities, the VTS error rate was redu ed to 2.4%. In
these experiments, standard deviations were used instead of diagonal ovarian e
matri es. Finally, by ombining the outputs of ve VTS based kernel density
lassi ers (using di erent norms in the distan e al ulations and di erent kinds
of training data multipli ation), the error rate ould be further redu ed to 2.2%.
To make sure that these good results are not the result of over tting, we also
applied our best kernel density based USPS lassi er (error rate 2.4%) to the
well known MNIST task without further parameter tuning, obtaining a stateof-the-art result of 1.0% (1.3% without VTS). Although this result is not the
best known on MNIST (the best error rate of 0.7% was reported by Dru ker
in [4℄), it shows that the algorithms presented here generalize well.

7 Con lusions & Outlook
In this paper, we presented a ombined lassi ation approa h alled the `virtual
test sample method', whi h is based on using a single lassi er in ombination
with arti ially reated test samples. Thus, it an be regarded as a ounterpart
to the reation of virtual training data, whi h is a ommon approa h in pattern
re ognition. We showed that the proposed method is straightforward to justify
and has some desirable properties, among them the possible in orporation of
prior knowledge and the fa t that only a single lassi er has to be trained. In
our experiments, the approa h was used to improve the performan e of a statisti al lassi er based on the use of Gaussian mixture densities in the ontext of
the Bayesian de ision rule. The results obtained on the well known US Postal
Servi e task are state-of-the-art, espe ially when the virtual test sample method
is ombined with the in orporation of invarian es into the lassi er, whi h was
done by using Simard's tangent distan e and resulted in an error rate of 2.2%.
Finally, the approa h seems to generalize well, as a state-of-the-art error rate
of 1.0% was also obtained on the MNIST handwritten digit task. Besides developing better models for the probabilities p( ) respe tively p( jx) onsidered in
the virtual test sample method, future work will also in lude investigating its
e e tiveness in other pattern re ognition domains.
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