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Abstract. In this paper, we present a combined classification approach
called the ‘virtual test sample method’. Contrary to classifier combina-
tion, where the outputs of a number of classifiers are used to come to
a combined decision for a given observation, we use multiple instances
generated from the original observation and a single classifier to compute
a combined decision. In our experiments, the virtual test sample method
is used to improve the performance of a statistical classifier based on
Gaussian mixture densities. We show that this approach has some desir-
able theoretical properties and performs very well, especially when com-
bined with the use of invariant distance measures. In the experiments
conducted throughout this work, we obtained an excellent error rate of
2.2% on the original US Postal Service task.

1 Introduction

In this paper, we present a combined classification approach called the ‘virtual
test sample method’ (VTS), which is based on the idea of using a single classifier
to classify a set of observations which are known to belong to the same class. This
approach is somewhat contrary to the common idea of classifier combination,
where the outputs of different classifiers are combined to come to a final decision
for a given observation. In our approach, a number of instances is created from
the original observation using prior knowledge about the classification task. For
example, in handwritten digit recognition, invariance to image shifts and other
affine transformations plays an important role. Thus, VTS can be considered a
counterpart of the common creation of virtual training data (‘perturbation of
the training data’). In the experiments, it is used to improve the performance of
a Bayesian classifier based on Gaussian mixture densities. We show that using
VTS not only yields state-of-the-art results on the well known US Postal Service
handwritten digit recognition task (USPS), but that it also has some desirable
theoretical properties.

In the next section, we describe the US Postal Service database used in our
experiments and present some state-of-the-art results that were reported on this
database in the last years. In Section 3, we briefly discuss the idea of classifier
combination and one particular classifier combination scheme, namely the very
popular sum rule. In Section 4, the VTS method is presented and its theoretical



Table 1. Results reported on USPS.

Author Method Error [%)]
Simard™ 1993 Human Performance 2.5
Vapnik 1995 Decision Tree C4.5 16.2
Freund & Schapire 1996  AdaBoost & Nearest Neighbour *6.4
Simard™ 1998 Five-Layer Neural Net 4.2
Scholkopf 1997 Support Vectors 4.0
Schélkopf™ 1998 Invariant Support Vectors 3.0
Drucker™ 1993 Boosted Neural Net *2.6
Simard™ 1993 Tangent Distance & Nearest Neighbour *2.5
This work: Gaussian Mixtures, Invariances 2.2

*: 2418 machine printed digits were added to the training set

properties are discussed. In Section 5, the statistical classifier we used in our
experiments (in combination with VTS) is described. In this context, we will
also discuss possibilities to incorporate invariances into the classifier which go
beyond the use of virtual test samples. This is done by creating virtual training
data and by using an invariant distance measure called tangent distance, which
was proposed by Simard in 1993 [14]. After presenting some experimental results
in Section 6, the paper is ended by drawing some conclusions and giving an
outlook to future work in Section 7.

2 The US Postal Service Task & Feature Analysis

The USPS database (ftp://ftp.kyb.tuebingen.mpg.de/pub/bs/data/) is a
well known handwritten digit recognition task. It contains 7,291 training ex-
amples and 2,007 test examples. The digits are isolated and represented as
16x 16 pixels sized grayscale images (see Figure 1). Making use of ‘appearance
based pattern recognition’, we interpret each pixel as a feature in our experi-
ments, resulting in 256-dimensional feature vectors. Because of this rather high-
dimensional feature space, we optionally apply a linear discriminant analysis
(LDA, [5]) for feature reduction. As the maximum number of features that can
be extracted by applying the LDA to a K-class problem is K — 1, we create four
pseudoclasses for each USPS digit class by training a mixture with four densities
using the algorithms described in Section 5. Thus, the resulting feature vectors
are 39-dimensional [2]. One of the advantages of USPS is that many recognition
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Fig. 1. Example images taken from USPS.




results have been reported by various research groups throughout the last years.
Because of that, a meaningful comparison of the different classifiers is possible,
with some results given in Tab. 1. Error rates marked with an asterisk were
obtained using a modified USPS training set, which — resulting in restricted
comparability — was extended by adding 2,418 machine printed digits.

3 The Idea of Classifier Combination

The idea of classifier combination the following: Given a particular pattern recog-
nition problem, the goal is usually to implement a system which achieves the
best possible recognition results on unseen data. Thus, in many cases, a variety
of pattern recognition approaches is evaluated and the one performing best is
chosen to solve the task. Unfortunately — in that approach — all other systems
that have been developed are useless. In opposite to this, the idea of classifier
combination is to use all classifiers C,,,,m = 1,..., M for classification and to
come to a final decision by combining the outputs in a suitable way (cp. Fig. 2).
In the last years, many combination approaches have been considered, among
them the product rule, the sum rule, or the median rule, where in some cases
the ‘vote’ of a classifier is weighted according to its performance on the train-
ing set (i.e. boosting methods). Note that if such combination rules should be
meaningful, the outputs of the classifiers must be normalized. Thus, we assume
that - given the observation z € R” - each classifier C,,, computes posterior
probabilities p,,(k|z) for each class k = 1,..., K, which are normalized in the
sense that Zle p(k|z) = 1. It should be noted that — for instance — the outputs
of an artificial neural net approximate such posterior probabilities [10], assuming
that a sufficient amount of training data is available. Thus, normalization comes
for free in many applications.

For a single classifier, the Bayesian decision rule can be used for classification:

p(k) - p(a|}) } "
S PO - plalk) |

where p(k) is the prior probability of class k and p(x|k) is the class conditional
probability for the observation z given class k. Note that the denominator of
Eq. (1) is independent of k& and can be neglected for classification purposes. If
different classifiers C), are available (computing posterior probabilities p,, (k|z))
the final decision can — for instance — be obtained using the sum rule

x + r(z) = argmax {p(klz)} = argmax{
k k

M
x — r(zr) = argmax Z pm(k|z) p . (2)
k

m=1

Although Eq. (2) is widely accepted to yield state-of-the-art results in many
applications, KITTLER assumed in his derivation of the sum rule that the pos-
terior probabilities p,,(k|z) computed by the different classifiers do not differ
much from the prior probabilities p(k) [9]. In other words, the derivation of
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Fig. 2. Classifier combination (left) vs. the virtual test sample method (right).

the sum rule for classifier combination is based on the strong assumption that
the features extracted from the data contain no discriminatory information. In-
terestingly, KITTLER also observed that the good performance of the sum rule
could possibly be explained by its error tolerance: Using the sum rule, errors in
estimating the real (and therefore usually unknown) posterior probabilities are
dampened, while for instance in the case of the product rule, these estimation
errors are amplified [9].

If no set of classifiers exists for combination, techniques like ‘bagging’ [1]
or ‘boosting’ [13] exist, which generate a variety of classifiers using different
subsets (bagging) respectively differently weighted versions of the training data
(boosting) for training. Here, it is assumed that the classifiers are ‘instable’; i.e.
that modifications of the training set have a significant impact on the resulting
classifier. Otherwise, combination of the resulting classifiers would be pointless.

4 The Virtual Test Sample Method

The basic idea of the virtual test sample method is to create a number of ‘vir-
tual test samples’ starting from the original observation, to classify each of these
separately using a single classifier C' and to suitably combine these decisions to
a final decision for the original observation (cp. Fig. 2). In handwritten digit
recognition, invariance to affine transformations is usually desired, but gener-
ally speaking all transformations respecting class membership can be consid-
ered here. Thus, given the observation x, we can create virtual test samples
z(a) = t(z,a), a« € M, with M = | M|, where ¢(x,a) is a transformation with
parameters a € IRY. In the experiments, +1 pixel shifts were applied, i.e. M =9
(eight shifts and the original image). As an image cannot be shifted into different
directions at the same time, the resulting ‘events’ z(a), a € M can be regarded
as being mutually exclusive and a final decision can be computed as follows:

zr—r(z) = arg;nax{p(k\x)}
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Here, the simultaneous occurrence of an observation x and a parameter vector
o € IRY is modeled by the virtual test sample z(a), i.e. by applying the respective
transformation to the observation. Furthermore, « is assumed to be independent
of z. Thus, to come to a final decision for the original observation, we only have
to add the posterior probabilities p(k|z(«)), weighted with the prior probabilities
p(a) of the transformation parameters. In the experiments conducted throughout
this work - if nothing else is said - these transformation parameters are assumed
to be uniformly distributed. Thus, the prior probabilities p(«) can be neglected
for classification purposes and Eq. (3) reduces to

zr—r(z) = argznax{ Z p(kx(a))} (4)

aEM

The only assumption needed here is the mutual exclusiveness of the virtual test
samples. As each of these is the result of applying a unique transformation to the
given observation, this assumption seems reasonable. This ‘virtual test sample
method’ has a number of desirable properties:

Computational Complexity:

The computational complexity of the VTS recognition step is the same as that
of classifier combination. Yet, only one classifier has to be trained in the VTS
training phase, which is especially important for statistical classifiers, where the
training step is computationally expensive in many cases.

Theoretical Basis:

In contrast to the derivation of the sum rule in the framework of classifier com-
bination, VTS sum rule is straightforward to derive, with the assumption of
mutual exclusiveness of the z(«) sounding reasonable.

Increased Transformation Tolerance/ Invariance:
Obviously, invariance properties with respect to the transformations used for
virtual test data creation are incorporated into the classifier.

Ease of Implementation & Effectiveness:
Agsuming a suitable normalization of the classifier’s output, VTS is very sim-
ple to embed into an existing classifier. Furthermore, using VTS significantly
reduced the error rates in the experiments conducted throughout this work. For
real-time applications, VTS is straightforward to parallelize (just like classifier
combination), as it is inherently parallel.



Applicable together with Classifier Combination:
In principle, VTS and classifier combination can be used at the same time. Doing
50, our best VTS result could in fact be slightly improved (cp. Section 7).

Incorporation of Prior Knowledge about Transformation Probabilities:

Finally, it is possible to incorporate prior knowledge into VTS classification via
an appropriate choice of the probabilities p(a) (our model) respectively p(a|z).
For instance, in a statistical framework as the one presented in the next section,
these probabilities could be learned from the training data.

5 The Statistical Classifier

In this section, we describe the statistical classifier which we used in combi-
nation with the VTS method in our experiments. To classify an observation
2 € IRP, we use the Bayesian decision rule as given in Eq. (1), which is known
to minimize the number of expected classification errors in the case that the
true distributions p(k) and p(z|k) are known. Naturally, as these are unknown
in most practical applications, we have to choose models for them and learn the
respective parameters using the training data. In the experiments, we choose
p(k) = %, kE = 1,..,K, and model the class conditional probabilities p(z|k)
using Gaussian mixture densities (GMD) (see Eq. (6)) respectively Gaussian
kernel densities (GKD). In order to keep the number of free model parame-
ters small (and thus allow for reliable parameter estimation), we make use of a
globally pooled covariance matrix

K & Nig
T=20 N S (5)

where X}; is the covariance matrix of component density i of class k and Ny; is
the number of observations that are assigned to that particular density. Thus,
we obtain the following expression for the class conditional probabilities:

p(wlk)=z cri N (x|, 2), (6)

where I is the number of component densities used to model class k, cg; are
weight coefficients (with ¢g; > 0 and ZZIL cri = 1, which is necessary to ensure
that p(z|k) is a probability density function) and pg; is the mean vector of
component density i of class k. Furthermore, we only use a diagonal covariance
matrix, i.e. a variance vector. Note that this does not lead to a loss of information,
since a Gaussian mixture of that form can still approximate any density function
with arbitrary precision. Maximum likelihood parameter estimation is now done
using the Expectation-Maximization algorithm [3]. Concerning Gaussian kernel
densities it should be pointed out that these can be regarded an extreme case of
a Gaussian mixture, where each reference sample z,, defines a Gaussian normal
distribution N (z|z,, X) [8].



Note that the approach presented above is only invariant with respect to
transformations that are present in the training data. In the following, we there-
fore briefly describe two possibilities to enhance the invariance properties of the
statistical classifier that go beyond the usage of VTS.

5.1 Creation of Virtual Training Data

A typical drawback of statistical classifiers is their need for a large amount of
training data, which is not always available. A common solution for this problem
is the creation of virtual training data. Here, just like for the VTS method, +1
pixel shifts were chosen, resulting in 9 - 7,291=65,619 reference samples.

5.2 Incorporating Invariant Distance Measures

Another way to incorporate invariances is to use invariant probability density
functions or - equivalently - invariant distance measures [7]. Here, we choose tan-
gent distance (TD), which proved to be especially effective for optical character
recognition. In [14], the authors observed that reasonably small transformations
of certain objects (like digits) do not affect class membership. Simple distance
measures like Euclidean or Mahalanobis distance do not account for this and are
very sensitive to transformations like translations or rotations. When an image z
of size I x.J is transformed (e.g. scaled and rotated) with a transformation ¢(z, o)
which depends on L parameters o € R” (e.g. the scaling factor and the rotation
angle), the set of all transformed images M, = {t(z,a) : a € R"} ¢ R™ is
a manifold of at most L dimensions. The distance between two images can now
be defined as the minimum distance between their according manifolds, being
truly invariant with respect to the L transformations regarded. Unfortunately,
computation of this distance is a hard optimization problem and the manifolds
needed have no analytic expression in general. Therefore, small transformations
of an image = are approximated by a tangent subspace M, to the manifold M,
at the point . Those transformations can be obtained by adding to x a linear
combination of the vectors z;,l = 1, ..., L that span the tangent subspace. Thus,
we obtain as a first-order approximation of M,:

L
Mz:{m-l-Zoq-xl :aelRL}clRW (7)

=1

Now, the single sided TD Dr(zx, 1) between two images # and p is defined as

L
Dr(z, p) ngn{Hm-l-Zal e —M||2} (8)

=1

The tangent vectors z; can be computed using finite differences between the
original image  and a small transformation of z [14]. Furthermore, a double
sided TD can also be defined by approximating M, and M,,. In the experiments,
we computed seven tangent vectors for translations (2), rotation, scaling, axis
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Fig. 3. Prior probabilities p(a) chosen for image shifts in the experiments. For example,
the prior probability for the original (i.e. unchanged) image is (4/16) = 0.25.

deformations (2) and line thickness as proposed by Simard [14]. Given that the
tangent vectors are orthogonal, Eq. (8) can be solved efficiently by computing

" (@ = p)t )
Dr(e,p) = llz —pl* =Y W 9)
=1

The combination of TD with virtual data creation makes sense, as TD is only
approximately invariant with respect to the transformations considered. Thus,
creating virtual training data yields a better approximation of the original mani-
fold, as the virtual training images lie exactly on it.

For the calculation of the Mahalanobis distance, the observation z and the
references py; are replaced by the optimal tangent approximations z(aup:) re-
spectively pgi(aop:) in the TD experiments. When calculating single sided TD,
the tangents are applied on the side of the references. Note that TD can also be
used to compute a ‘tangent covariance matrix’, which is defined as the empirical
covariance matrix of all possible tangent approximations of the references [2].
Further information on a probabilistic interpretation of TD is given in [7].

6 Results

The experiments were started by applying the statistical approach described in
Section 5 to the high-dimensional USPS data, using different combinations of
virtual training and test data. In Tab. 2, the notation ‘a-b’ indicates that we
increased the number of training samples by a factor of a and that of the test
samples by a factor of b. Thus, b=9 indicates the use of VTS. As can be seen, VTS
significantly reduces the error rate on USPS from 8.0% to 6.6% (without virtual
training data) respectively from 6.4% to 6.0% (with virtual training data). These
error rates can be further reduced by applying an LDA. Thus, the best error rate
decreases from 6.0% to 3.4%, which is mainly because parameter estimation is
more reliable in this rather low-dimensional feature space. Note that in this case,
applying VTS reduced the 9-1 error rate from 4.5% to 3.4%, being a relative
improvement of 24.4%. This error rate could be slightly improved to 3.3% by
assuming a Gaussian distribution for the prior probabilities p(«), resulting in the
template depicted in Figure 3. As a key experiment, we boosted the statistical
classifier based on 39 LDA features using AdaBoost.M1 [6] for M = 10. Indeed,
we were able to reduce the 9-1 error rate from 4.5% to 4.2%, yet VTS - by
reducing the error rate from 4.5% to 3.4% - significantly outperformed AdaBoost
on this particular dataset.

In another experiment, we investigated on the use of TD in combination with
VTS. These experiments were performed in the high-dimensional feature space



Table 2. USPS results for Mahalanobis/ tangent distance, with/ without LDA.

Method: Error rate [%)]
1-1 1-9 9-1 9-9

GMD, 80 6.6 64 6.0

GMD, LDA, 6.7 59 45 3.4

GMD, tangent distance 3.9 3.6 3.4 2.9
GKD, tangent distance 3.0 2.6 2.5 24

(no LDA), as TD in its basic form is defined on images (although it can also
be defined on arbitrary feature spaces, where the tangent vectors are learned
from the data itself [7]). Using single sided TD, the best error rate could be
reduced from 3.4% for the LDA based statistical classifier to 2.9% (using single
sided TD and about 1,000 normal distributions per class). This error rate could
be further reduced to 2.7% by using double sided TD. Replacing the mixture
density approach by kernel densities, the VTS error rate was reduced to 2.4%. In
these experiments, standard deviations were used instead of diagonal covariance
matrices. Finally, by combining the outputs of five VTS based kernel density
classifiers (using different norms in the distance calculations and different kinds
of training data multiplication), the error rate could be further reduced to 2.2%.
To make sure that these good results are not the result of overfitting, we also
applied our best kernel density based USPS classifier (error rate 2.4%) to the
well known MNIST task without further parameter tuning, obtaining a state-
of-the-art result of 1.0% (1.3% without VTS). Although this result is not the
best known on MNIST (the best error rate of 0.7% was reported by DRUCKER
in [4]), it shows that the algorithms presented here generalize well.

7 Conclusions & Outlook

In this paper, we presented a combined classification approach called the ‘virtual
test sample method’, which is based on using a single classifier in combination
with artificially created test samples. Thus, it can be regarded as a counterpart
to the creation of virtual training data, which is a common approach in pattern
recognition. We showed that the proposed method is straightforward to justify
and has some desirable properties, among them the possible incorporation of
prior knowledge and the fact that only a single classifier has to be trained. In
our experiments, the approach was used to improve the performance of a statis-
tical classifier based on the use of Gaussian mixture densities in the context of
the Bayesian decision rule. The results obtained on the well known US Postal
Service task are state-of-the-art, especially when the virtual test sample method
is combined with the incorporation of invariances into the classifier, which was
done by using SIMARD’s tangent distance and resulted in an error rate of 2.2%.
Finally, the approach seems to generalize well, as a state-of-the-art error rate
of 1.0% was also obtained on the MNIST handwritten digit task. Besides devel-
oping better models for the probabilities p(«) respectively p(a|x) considered in
the virtual test sample method, future work will also include investigating its
effectiveness in other pattern recognition domains.
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